In this work we used the temporal analog of spatial Fresnel diffraction to design a temporal fractional Fourier transformer with a single dispersive device, in this way avoiding the use of quadratic phase modulators. We demonstrate that a single dispersive passive device inherently provides the fractional Fourier transform of an incident optical pulse. The relationships linking the fractional Fourier transform order and scaling factor with the dispersion parameters are derived. We first provide some numerical results in order to prove the validity of our proposal, using a fiber Bragg grating as the dispersive device. Next, we experimentally demonstrate the feasibility of this proposal by using a spool of a standard optical fiber as the dispersive device.
Introduction
It is well known that the inherent speed limitations of conventional electronics can be overcome by all-optical circuits. Among them, it is necessary to study the possibility to perform all-optically different mathematical operations such as differentiation, integration, Fourier and Hilbert transforms, etc. The possible applications for these devices encompass optical pulse shaping, optical computing, information processing systems, and ultrahigh-speed coding, among other uses. Generally, the in-fiber way is preferred, because it offers simplicity, relatively low cost, low insertion loss, and inherent full compatibility with fiberoptic systems.
Recently, several all-optical in-fiber fractional operators have been proposed for fractional differentiation [1] , fractional integration [2] , and fractional Hilbert transformation [3] ; together with some applications for these devices [4] . Fractional mathematical operators play an important role in information processing. In phase-space optics for example, the fractional Fourier transform (FrFT) has been proposed for phase retrieval, signal characterization, filtering, encryption, etc; see [5] and references therein. The fractionalization gives us a new degree of freedom (the fractional order) which can be used for more complete characterization of the temporal signal, in this way allowing a better control on the system. It has been shown that a linearly chirped fiber Bragg grating (LCFBG) operating in reflection mode can be used to perform a Fourier transformation [6, 7] . The principle of operation is based on the duality between Fresnel diffraction in space and dispersion in time of narrow-band pulses in dielectrics. It was shown that under a time-domain equivalence of the spatial Fraunhofer approximation, the device behaves as a Fourier transformer. In this work we extend that analogy designing an arbitrary-order photonic FrFT. This work is organized as follows. First we theoretically found the relationships linking the FrFT parameters with the dispersive parameters. Next, we numerically prove the validity of this proposal when a LCFBG is used as the dispersive device, together with a comparison with a standard FrFT implementation. Finally, we experimentally demonstrate the feasibility of this proposal obtaining the FrFT at different fractional orders on an input light pulse, by using different lengths of a standard optical fiber as a dispersive device.
Theory
The pth fractional Fourier transform of a temporal signal f(t) will be denoted by F p [f(t)](t p ), whose mathematical definition, is given by [8, 9] :
; where p is the fractional-Fourier order, t p is the variable in the fractional domain, and ε is an arbitrary fixed parameter with time dimension. We emphasize that the FrFT belongs to a two-parameter family of transformations, i.e. the fractional order p and the scaling parameter ε. In a FrFT, a change of the scaling parameter thoroughly changes the functional form of the output; as opposed to the ordinary Fourier transform, where only a scaling in the reciprocal variable is accomplished [10] .
On the other hand, linear dispersive media can be modeled as linear time invariant systems by means of a transfer function. Let this transfer function H(ω) have flat amplitude and quadratic phase response (i.e., linear group delay) over a certain spectral bandwidth Δω H :
where ω is the baseband angular frequency, and Φ 20 is the first-order dispersion coefficient. Additionally, and only for simplicity, the average time delay has been ignored. Its impulse response −for complex envelopes of pulses with bandwidths narrower than Δω H − will be given by:
The propagation of a single pulse in a linear dispersive regime can be expressed by convolving f(t) with h(t). Therefore, the output pulse f o (t) will be given by:
Intensities in Eqs. (1) and (4) can be made equal, provided:
Thus, the output of a linear dispersive system inherently provides a time-enlarged version in intensity of the FrFT. This result could be considered the time-domain counterpart of the existing equivalence between Fresnel diffraction and FrFT, which has been shown before for the spatial case [11, 12] . Finally, a FrFT of pth order can be interpreted as a rotation in the time-frequency plane by pπ/2, the details of this transformation can be found in Ref [13] . Now, let us review two important limiting cases: from negligible dispersion to strong dispersion. Let us assume also an input signal confined within a spectral bandwidth Δω and time width Δt. When there is a negligible dispersion within the spectral bandwidth of the input signal, i.e.: 2 20 2 ;
Equation (2) reduces to the unity. Therefore, the spectrum of the input signal remains unchanged, which is equivalent to no transformation at all, i.e., a FrFT of degree zero. On the contrary, in the high dispersion limit, i.e.:
the quadratic term in t can be neglected, see Eq. (4), reducing to an ordinary Fourier transform. Equation (7) is the time-domain equivalence of the Fraunhofer approximation. Hence, under the conditions given by Eq. (7), the output signal envelope is, within a phase factor, proportional to the Fourier transform of the input signal envelope evaluated at the angular frequency ω = t/Φ 20 . Between the limits given by Eqs. (6) and (7), a continuum of FrFTs ranging from p = 0 to p = 1 can be achieved. Equations (2) and (3) describe the propagation of temporal pulses, provided higher order dispersion terms are negligible within the input pulse`s bandwidth, including narrowband pulse propagation through an optical fiber. In that case:
where z is the fiber length, β 20 represents the second-order derivative of the propagation constant respect to the angular frequency ω, and D is the dispersion parameter. Another solution widely used to provide enough dispersion is by using LCFBGs, because they can be designed with flat reflectivity and linear group delay within the operative bandwidth. Equation (3) also describes the impulse response of LCFBGs; so the reflection of a pulse from a LCFBG is mathematically identical to Fresnel diffraction. Finally, and for comparison purposes, let us shortly review the standard way to perform a photonic FrFT. It consists in a tandem combination of three processes: quadratic phase modulation−dispersion−quadratic phase modulation [14, 15] . Where the quadratic phase modulation factor φ 20 and first-order dispersion factor Φ´´2 0 are given by [15] : 
If we are only interested in the intensity of the FrFT, then the use of the final quadratic phase modulator can be avoided, since it is required for correcting the phase term of the FrFT. Nevertheless, one phase modulator is required when using this approach.
Numerical results
Our design is now tested by simulating the system response to a typical input pulse. In the simulations, it is assumed that the pulse is centered at the central frequency of a LCFBG. The proposed system consists of a single LCFBG incorporated into an optical circulator to operate in reflection mode. The spectrum of the output pulse is obtained just by multiplying the spectrum of the input pulse In the following, we will design the LCFBG to work as a fractional Fourier transformer. Later, this design will be numerically tested by using a typical input signal. The LCFBG response has been obtained by the simulation package OptiGrating. Regarding the design constraints of the LCFBG, the grating bandwidth determines the minimum time-width of the input pulses to be processed. Whereas, the LCFBG dispersion is determined by both the fractional order parameter p and desired scale factor ε, see Eq. (5). In this work, the LCFBG is designed to provide a dispersion coefficient of 1218 ps/nm over a 200 GHz bandwidth centered at the optical wavelength of 1552.52 nm. The device with this characteristic is 200 mm long and has a grating-period variation from 0.53496 μm to 0.53441 μm (unapodized uniform profile). By using transfer matrix theory and multilayer theory H(ω) = |H(ω)|exp[jΨ(ω)] is computed. Figures 1(a) Fig. 2(a) , which consists of a twin optical pulse of 6 ps (FWHM) each separated by 50 ps. It is worth to compare this proposal with a standard photonic FrFT implementation [14, 15] . In the later, it would be necessary at least one phase modulator with quadratic phase − ; which is only approximately quadratic at a cusp of the sinusoid. Therefore, the optical input signal must be restricted to a usable time aperture T a centered on a cusp. Thus, by limiting the influence of higher order (fourth) phase terms to a 2%, results in T a ≈φ 20 −1/2 [17] . Thus, the proposed setup in this work is considerably simpler since phase modulators are not necessary.
Experimental results
Now, as a proof of concept, we experimentally demonstrate the feasibility of this proposal by obtaining all-optically the FrFT at different fractional orders on an input light pulse, by using different lengths of a standard optical fiber as a dispersive device. The input light pulses were provided by a passively mode-locked ytterbium fiber laser (emission wavelength of 1038 nm), which can be satisfactory adjusted with a hyperbolic secant profile. By previous measurements we also determined that the light pulses provided by this laser are linearly chirped with C = −11. In this way the input light pulse were modeled by f(t) = sech(t/T 0 )exp(−jCt 2 /2T 0 2 ), with T 0 = 12 ps, which corresponds to a FWHM of 21 ps. The light pulses were detected with a 50 GHz bandwidth sampling oscilloscope. The dispersion line was made with a commercially available optical fiber (SM980, low numerical aperture Fibercore), with a measured first order dispersion D = −44 ps/nm × Km at the lasing wavelength. Three different fiber lengths were used: 101 m, 214 m, and 315 m; by using Eq. , we obtain the following fractional orders p = 0.0203, 0.043, and 0.063, for each fiber length, respectively.
The experimental setup is shown in Fig. 3(a) . Figure 3(b) shows the experimentally detected input pulse together with its corresponding fitting by a hyperbolic secant profile. In the same figure, it is shown the mathematically obtained FrFT (scale factor ε 2 = 500 ps 2 ) of the hyperbolic secant profile shown in Fig. 3(b) , for p = 0.0203 [ Fig. 3(c) ], p = 0.043 [ Fig.  3(d) ], and p = 0.063 [ Fig. 3(e) ]. For each theoretically obtained FrFT, it is also shown the experimentally detected output light pulse after propagating by a fiber length of 101 m, 214 m, and 315 m, respectively. The time scale of the propagated pulse was modified according to Eq. (5), with the corresponding fractional order. There is a good degree of resemblance between analytically obtained and experimentally detected FrFT. There is also a deviation that increases with the fractional order in the trailing edge, but this could be motivated by the fact that the proposed input profile does not fit the experimental data perfectly. 
Conclusions
In this work we used the temporal analog of spatial Fresnel diffraction to design a temporal fractional Fourier transformer with a single dispersive device, in this way avoiding the use of quadratic phase modulators. The proposal is based in the use of a single dispersive passive device. The relationships linking the fractional Fourier transform order and scaling factor with the dispersive parameter were found. We first provide some numerical results in order to prove the validity of this proposal when a fiber Bragg grating is used as a dispersive device. Next, we experimentally demonstrate the feasibility of this proposal by obtaining all-optically the FrFT at three different fractional orders on an input light pulse provided by a modelocked laser. In this case we use different lengths of a standard optical fiber as a dispersive device.
